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Background and Research Purpose



The Second Law of Thermodynamics for a Classical System

External parameter

(e.g. the volume of a gas)
Heat bath Heat exchange
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Classical system
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(+): Ensemble average (IV fluctuates due to the heat exchange)



The Second Law with Measurements and Feedback
(< Maxwell’s demon)

Single measurement & feedback (Sagawa & Ueda, 2010)

Heat bath -
Do) System X

X: microscopic state AF
Y: measurement
A(Y): control protocol :
(¥) P Control Y | Measuring
h ]
protocol instrument

(W) > AF — JsTI

Mutual information between X and Y
Temperature of the heat bath

Boltzmann constant



The Second Law with Measurements and Feedback
(< Maxwell’s demon)

Multiple measurement & feedback (Fujitani & Suzuki, 2010)

=F: +G6cU, +W s

/\ z)?k +Xk
X state
Xir1 = FXp + GU, Xy = FX + W,

U,.: control input

Yk - HXk Yk — HXk + Vi Wi : thermal noise
Y;,: measurement
Deterministic . Stthast|c Vk- .
(innovation process) k- NOISE

. X[’]:Z(X,X,...,X)
(W) > AF kB = G )

Mutual information between X; y—17 and ¥j1 y—1-



Background & Research Objective

Thermodynamics Control theory

Thermodynamic systems with Relationship between channel
measurements and feedback capacity and control performance

(Wong & Brockett, 1999; Nair & Evans, 2003;
Tsumura & Maciejowski, 2003;
Tatikonda & Mitter, 2004; ...)

(Sagawa & Ueda, 2010;
Fujitani & Suzuki, 2010; ...)

-
Thermodynamics =+ Control theory
\1CS "
w of chermodynam! h ;
tne second 12 How are they concerne

with each other?
Contro| performance



Problem Formulation



The Control System

A system governed by thermodynamics Information theory

Thermodynamic

Control theory



System Dynamics

Thermodynami

Upper case letter : random variable

Lower case letter :realization \Jystem *A J
k
X1 =FX,, + GU, + Wy, Channel
k=01 ,N—1N>2 } &
& N particles with mass m Decoder }
& State:x = (r'p’)’ Yy

o r=(rry--1ry) : position vector

e p=(pipy - py)': Mmomentum vector
Assumptions:
® {IW, }(thermal noise): i.i.d sequence of random variables with zero mean.
@ X, : initial state that satisfies canonical distribution

bi

e —BH (x0;uo) —~H(x;u) = o T V(r,u)
fe FHGG0) dy Hamiltonian i=1 Potential energy
b

f(xo) =

Kinetic energy

= — thermodynamlc beta 10



Thermodynami ul )
ermodynamic
Controller t system >l Encoder

¥ A
Xk+1 — FXk + GUk + Wki Channel
k=01,-+,N—1,N > 2 lsk
Linear feedback control law: Decoder J
Y

U = Ky Yy Control theory

Cost function (index of the control performance)

N—-1
IJn =E (Z (Xk+1 — %q) Q(Xge1 — xg) + U,;SUR)

k=1
E(-): expected value X4: target state

Assumptions: Q = 0,S > 0, (F, Ql/z) observable

Optimal controller:
The one that minimizes the value of J,
given a fixed communication model.
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The Channel Model [Thermdy"amic

system

& Noiseless digital channel:
‘ Ay = bk,Vk Ui
@ Input alphabet size: m

CapacityR[ Channel ]

n

{Controller Decoder / |Y,,

B Channel capacity R = Inm

Information theory

Equi-memory expectation predictive (EMEP) encoder & decoder
(Tatikonda & Mitter, 2004)
€ Output of encoder € Output of decoder

_ _ k—i—1
A, =q (Xk — E(Xle[l,k—l])) Y, =V, + Z Fk-i-16y.,
@ g(-): quantizer _ i=0
& E(-): expected value Vi = E(Xi|Boi)
X1, Y, the state and the decoder output
that correspond to the innovation process.
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X
Proper Encoder [ Thermodynamic K

system Encoder }Xk

¥ Ax
[ \Channel ]

) “Bk

Decoder }Yk

Capacity

Uk R{Mk}(

o ]N T [Controller

LY Vi
the optimal control input\

the channel capacity & the quantizer in the encoder

Proper encoder:
the one that realizes a given value of (= J v — Jn) with the
least channel capacity given the optimal controller.

® The least channel capacity : R;,M"}( — 71\/)
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Main Results and Discussions

14



i . X
Main Result 1 [::;;Td?"am'c ﬁ Encoder };?k
Theorem

YA
® Temperature T U, CapacityR[ Channel ]
& Control horizon N ‘l'B’f
€ EMEP encoder & decoder
& Channel capacity R [Controller - Decoder }}_’k

@ Linear feedback control law ;

> AF — kgT(N — 1R

Free energy difference Channel capacity

Step 1 > AF — kBTI()_([1,N—1]J l7[1,N—1])

/

Step 2 I()_([1,N—1]; l7[1,N—1]) — H(Y[l,N—l])
Step 3 H(l_/[l,N_l]) <(N—-1)R
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Encoder |X;
| IAR

Capacity R Channel

Thermodynamic
system

Proof of Theorem

Step 1 (W) = AF — kBTI(X[l,N—l]';\Y[LN—l])

Mutual information
r(t)

AF O
R
=N :N >

0~ ~ " ¢ Backward process

xr = (' pr)’

T fGEnalPn-y) | /\
I(Xun-ul¥ian-1) = In ([1N—1] -1 0 A~ Ny
f(Fran-11)- — N o

Detailed fluctuation theorem X, = @ —pn—i')
(G. E. Crooks, 1998): T
eBAF-W)~ _ (G_ L 1 = ePAF <e_ﬁW I(X[1,N—1]|Y[1,N—1])>

Jensen’s inequality

6 = fC0) | | £t o)
k=0

G = f ) Hf(x,ilx,’gﬂ;u;;) (W) = AF = kTI(X[1,n-11; F1n-11)
= 16




Proof of Theorem

|

X
Thermodynamic X (/ _
Encoder \/X,
system

"y

Step 2 I(X[l,N—l]; 17[1,N—1]) — H(Y[l,N—l])

< f

Mutual information  Entropy

EMEP encoder & decoder
€ Output of encoder

Ay =q (Xk — E(Xle[l,k—l]))
@ ¢: quantizer
& E(-): expectation

€ Output of decoder
Ye = E(Xk|B[1x))

Uy

¥4

Capacity R|| Channel ]

0

.
LControIIer Decoder /|Y),
Yy

Y[1,k] is uniquely
determined given Xjq g

H(7[1,N—1]|X[1,N—1]) =0

I(X[1,N—1]i Y[l,N—l])

= H(Yj1n-11) — H({uv-11Xn-11) = H(Yinv-17) 17




. Xy
Proof of Theorem ( Thermodynamic ano deﬂ %
system )

- A
Step 3 H(Y[l,N—l]) = (N o 1)}§J U, CapacityR[ Channel ]
Enttopy 1 Capacity lB S
Control horizon L controller Decoder /|7,
Y
EMEP encoder & cilecoder Fris is uniquely
¢ OUtplit of decc_) cr determined given
Yk — E(Xkl )
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i i . X
Discussion [::Sif;“d?”am'c ﬁ Encoder })?k
Theorem &Ak

Up OapacityR[ Channel ]

& Temperature T
& Control horizon N 'l'B’f
€ EMEP encoder & decoder

€ Channel capacity R [CO“”C’”EVL_{ Decoder }}_’k
7

@ Linear feedback control law ;

> AF — kgT(N — 1)R

Free energy difference Channel capacity

Given a fixed value of AF, as MORE channel capacity R is used,
@ LESS work needs to be done on the system.
€ MORE work can be extracted from the system.
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i : Xk
Main Result 2 [ z;w;;r:qodvnamuc . } 7.
- VA
:]N T Uy Channel ]
¥

[Controller Decoder }}7;(

Proper encoder:
the one that realizes a given value of (= J v — Jn) with the
least channel capacity given the optimal controller.

® The least channel capacity : REVM"}( —Jn).

Corollary
& The optimal controller
@ A proper EMEP encoder & decoder

& Channel capacity R}{VM"}( —Jn)
B - (M} _ 7
5 > AF —kgT(N — DRy “(Jy —Jn)
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Discussion

> AF — kgT(N — DRy(Jy — Jn)

R{Mk}(@N{Mk}) R{M"}(]N — Jv) is a decreasing function of On(m,)-
R{Mk}(@N{Mk}) :

R}{ka}(Qzlv,{Mk})
R}{VMk} (@IZV,{Mk})

In Oy Onimy In

Control Performance (CP): High

—-

o ———— -
|
|

h

{M}}
Ry " (On,m,)
A ContourlmesofAF
Ry ) (@N»{Mk})--%\--ri %
« 1%
CP: High oj LY
My} 2 by
RN k (QN,{Mk}) ""E'.\“‘"?\“ e
BV
Work: Small

the second law of thermodynamms

Relationship elucidated!



Conclusions
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Conclusions

e Derived the second law containing a term of channel capacity
under linear feedback control law (Main result 1).

e Elucidate the relationship between the control performance,
the channel capacity and the second law where the optimal
controller and a proper encoder are used (Main result 2).
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