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Optimal Multiple Controlling Nodes Problem for
Multi-agent Systems via Alt-PageRank
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The Aim of This Research " Problem : Find the set of controlled agents /C with which the slowest eigen-\
Systems: Large scaled multi-agent consensus systems (number of agents Kvalue of —Ly to be fastest. y

n > 1) Including a small number (k) of agents given reference signals.

Problem: Find the optimal choice of a set of agents given the constant refer- PageRank and Alt-PageRank

ence signals, attaining the fastest convergence rate to the equilibrium of the PageRank (Brin & Page 1998):
whole system.
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Difficulty: The brute force searching the optimal set requires ,,C.. times cal- G = ) , 4= [Ch Q2 - qn} , 4 =q =, Zjj= .
. . . 3 jen; | Bj] 0  otherwise
culations of eigenvalues of n x n matrices (order ,C.. x n°, e.g., a case of

103 e — - - 17
n = 10°, k = 3 requires calculations of order 1.7 x 10"). Alt-PageRank (Yamamoto & Tsumura 2011):

Objective: Give a method to find the optimal set of the agents with small

1 . .
computation complexity. p= P o, p =p'l M= {M if j € N;
jes NG| | Y |0 otherwise
Controlled Consensus Systems
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. =B \ e G =(V, &) directed graph Remark: Calculation of Alt-PageRank p is order n’.
N Lo\ e V: a set of nodes .
75 . Main Results
® e £: a set of directed edges
O
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MA\% e (i, j) € £: adirected edge from node p N
e i € Vtonode j €V, Theorem : For a WCS, assume that ¢ > 0 Is sufficiently small and an in-

e N, ={j eV:(j i e &} the neigh- teger « > 0 Is given. Then the convergence rate of WCS with a choice of
node set K satisfying || = x becomes fastest when we choose « nodes
of the largest order in the corresponding Alt-PageRank p.
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bor set which sends information to :

Fig. 1. Large scaled multi-

agent consensus system with * Bi. = U € V.: (¢, ‘7). - .g}: the - -
. neighbor set which receives informa- _ . . .
reference signals fon from J Remark: The result is given by showing the following:
()

ML) =€ > pe+ O(€)

kel
Weakly Controlled System (WCS): Remark: The computation complexity to solve the optimization via Alt-
| PageRank is 1/,C, of that by the brute force searching (e.g., a case of
normal agents: i; = S(zj—x), Vi¢K n = 10°, k = 3 via Alt-PageRank requires calculations of order n = 10°.
Nil jex; Compare with the order 1.7 x 10'" by the brute force searching).
controlled agents: =z, = L Y (wj—xp) +e(r—axr), VkeK
R VAP e Numerical Simulations
g A 1 =20 ] =03
vector form: z=—Lixx+er Y e, Li=L+c> (ee]) v N
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e [: the graph Laplacian of the “original” system without the references |
e r: reference signal =
e [C (C V): the set of indices of agents to which r is applied
e . a sufficiently small positive number
e ¢, k-th unit vector e, = [0---010---0]"
- o _ I f ~ iIndex of z or j jT: =9
nvergence r — . .
convergence rate <=1 e_sowest eigenvalue of — L Fig. 3: Values of p; Fig. 4: Values of \(Ly) for each
< choice of the controlled agent set IC . .
N y choice of (i, j)

Remark: Fig. 3 (n = 100, x = 2 = |K]|) shows that the largest and the second

Lo o0 =100 p; are ps; and pys, respectively. On the other hand, Fig. 4 shows the values of

~1/2 1 0 0 0 —=1/2 0 . o
0 —1 14c0 0 0 0 A(Ly) for each choice of (¢, ) for K (a dark blue rectangular represents num-

Lag=]0 0 -1 10 0 0 ber O and a dark red rectangular represents a larger number). It also shows

0 —-1/2 0 0 1 —=1/2 0 that the choice of (7, j) = (25, 53) gives the largest A\(Lx) and it coincides with
0 0 =1/2 0 0 1+4e-1/2 the above mentioned order of p;.
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Fig. 2: Example of WCS [ tsumura@i.u-tokyo.ac.jp
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