
Optimal Control/Observation Points Problem
and Separation Principle

of Weakly Controlled Large-scaled
Multi-agent Systems

K. Tsumura & I. Kawasaki

The University of Tokyo

CDC2016 Las Vegas

Tsumura & Kawasaki 1 CDC2016



Motivation

large-scaled electric power network

power plants
(turbines) control input

observation
control input

• synchronize/regulate
turbine frequencies

• the number of directly con-

trolled/observed turbines is

restricted

•magnitude of control input

to each turbine is restricted

“Which power plants should be controlled/observed ?”
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output feedback controlled synchronization

combinatorial number for selecting I and J is huge
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Local Dynamics

multi-agent system composed of N dynamical subsystems:

ẋk(t) =Ahxk(t) + bnuk(t)

yk(t) = chxk(t), k = 1, 2, . . . , N

uk(t), yk(t) (∈ R), xk(t) (∈ R
ν)
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Network (global) Structure

A: network matrix to represent the connection between the subsys-

tems

I (|I| = Mi): the set of agents with control input, “control points”

J (|J | = Mo): the set of observed agents, “observation points”

I = {i1, i2, . . . , iMi
}, J = {j1, j2, . . . , jMo

}
BI, CJ : represent the set of control/observation points:

BI =
[
ei1 ei2 · · · eiMi

]
∈ R

N×Mi

CJ =
[
ej1 ej2 · · · ejMo

]� ∈ R
Mo×N

ei = [0 · · · 0 1︸︷︷︸
i−th

0 · · · 0]�
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The Whole System

ẋ(t) =Ax(t) + BIu(t) + v1(t)

y(t) = CJx(t) + v2(t)

x(t) =

⎡
⎢⎢⎢⎣
x1(t)

x2(t)
...

xN(t)

⎤
⎥⎥⎥⎦ ∈ R

νN, u(t) ∈ R
Mi, y(t) ∈ R

Mo

A = I ⊗ Ah + A ⊗ (bhch)

BI =BI ⊗ bh, CJ = CJ ⊗ ch
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ẋ(t) =Ax(t) + BIu(t) + v1(t)

y(t) = CJx(t) + v2(t)

v1(t): disturbance, v2(t): observation noise[
v�
1 (t) v�

2 (t)
]�

: white Gaussian with covariance matrix[
W1 0

0 W2

]
=

[
w1I 0

0 w2I

]
, w1 > 0, w2 > 0
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Assumption

A, Ah have stable distinct eigenvalues except for a single zero

eigenvalue.

xr: reference signal for x(t)

xr =pr ⊗ qr

pl
�, pr: the left/right zero eigenvectors of A

ql
�, qr: the left/right zero eigenvectors of Ah
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Problem Formulation

control purpose

(I) xe(t) := x(t) − xr, xr: reference

E [xe(∞)] = E [x(∞) − xr] = 0

(II) minimize J given by

J := lim
tf→∞

1

tf
E

[∫ tf

0

x�
e (t)Qxe(t) + u�(t)Ru(t)dt

]
Q := qI, q > 0, R := rI, r > 0

Assumption

r � q (controlled by a weak input compared to the size of the

whole system)

w2 � w1 (estimation by a weak feedback compared to the size

of the whole system).
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Optimal Control/Observation Points Problem in Output Feed-

back Systems

Problem

[Optimal Control/Observation Points Problem in Output Feed-

back Systems] For given Mi (# control points), Mo (# ob-

servation points), xr, find I and J s.t. J in (II) is minimized

under (I) with the optimal controller from y to u.

• The optimal J∗ depends on I and J :

J∗(I,J ) = w1tr(XI) + 2tr(AYJXI) + qtr(YJ )
A�XI + XIA − XIBIR−1BI�XI + D�QD = O

AYJ + YJA� − YJCJ�W−1
2 CJYJ + W1 = O

•Our problem is to find the optimal pair of I and J which mini-

mizes J∗.
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• It is solvable by a brute-force searching of all the possible pairs

of I and J in principle.

•However, such brute-force searching is actually infeasible from

computation complexity when the number of agents is large (com-

binatorial number for selecting I and J is huge).

• The computation complexity is in order

(
N

Mi

)
·
(

N

Mo

)
·O(N3ν3).

example: N = 104, ν = 3, Mi = 5, and Mo = 5

⇒ (
N

Mi

)
·
(

N

Mo

)
· O(N3ν3) = (8.3 × 1017)2 × O(N3ν3)

∼ 1.86 × 1052

“Can we solve this difficulty?”
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State Feedback Case

Problem

[Optimal Control Points Problem in State Feedback Systems]

For given Mi (# control points) and xr, find I (control points)

with which J∗(I) in (II) is minimized under (I) with the optimal

state feedback from x to u.

Proposition

J∗(I) = tr (XIW1)

Tsumura & Kawasaki 13 CDC2016



State Estimation Problem

cost function: Je := E
[
(x(t) − x̂(t))�(x(t) − x̂(t))

]
x̂(t): the state estimation of x(t)

Problem

[Optimal Observation Points Problem in State Estimation] For

given I and Mo (# observation points), find J (observation

points) with which J∗
e (J ) is minimized by the corresponding

optimal state estimator of x(t).

Proposition

J∗
e (J ) = tr (YJ )
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Optimal Control/Observation Points Problem in Output Feed-

back Systems

pqr :=
r

q
� 1, pw1w2

:=
w2

w1

� 1

⇑
Assumption

r � q (controlled by a weak input compared to the size of the

whole system)

w2 � w1 (estimation by a weak feedback compared to the size

of the whole system).
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Theorem
There exist p̄qr > 0 and p̄w1w2

> 0 and when pqr > p̄qr,

pw1w2
> p̄w1w2

,

the optimal pair of the sets of control/observation points I∗

and J ∗ which minimizes J∗(I, J ) is given as follows:

I∗ =
{
i1, i2, . . . , iMi

∣∣∣ |[pl]i1| ≥ |[pl]i2| ≥ · · · ≥
∣∣∣[pl]iMi

∣∣∣
≥
∣∣∣[pl]iMi+1

∣∣∣ ≥ ∣∣∣[pl]iMi+2

∣∣∣ ≥ · · · ≥ |[pl]iN |
}

J ∗ =
{
j1, j2, . . . , jMo

∣∣∣ |[pr]j1| ≥ |[pr]j2| ≥ · · · ≥ ∣∣[pr]jMo

∣∣
≥ ∣∣[pr]jMo+1

∣∣ ≥ ∣∣[pr]jMo+2

∣∣ ≥ · · · ≥ |[pr]jN |
}

where

pl
�: left zero eigenvector of A

pr: right zero eigenvector of A
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by employing perturbation theory for eigenvlues/eigenvectors

(Kato (1966), Knopp (1996), Abrachenkov & Haviv (2003), Go-

hberg & Rodman (1981))

Theorem

J∗(I, J )

=w1q
(
(αX

Ñ
)
1
2(βX

IÑ)−
1
2αY

Ñ
pqr

1
2 + (αY

Ñ
)
1
2(βY

J Ñ
)−

1
2αX

Ñ
pw1w2

1
2

+ O (
pqr

0
)
+ O (

pw1w2

0
)
+ O (

pqr
0pw1w2

0
))

A = TΛ(A)T−1, βX
IÑ :=

[
T−1

]
Ñ,:

BIBI�[T−�]
:,Ñ

βY
J Ñ

:=
[
T�]

Ñ,:
CJ�CJ

[
T
]
:,Ñ
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Theorem

J∗(I, J )

=w1q
(
(αX

Ñ
)
1
2(βX

IÑ)−
1
2αY

Ñ
pqr

1
2 + (αY

Ñ
)
1
2(βY

J Ñ
)−

1
2αX

Ñ
pw1w2

1
2

+ O (
pqr

0
)
+ O (

pw1w2

0
)
+ O (

pqr
0pw1w2

0
))

example: N = 104, ν = 3, Mi = 5, and Mo = 5

brute force search:(
N

Mi

)
·
(

N

Mo

)
· O(N3ν3) ∼ 1.86 × 1052

⇒ O(N3) = 1.0 × 1012
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Separation Principle

Optimal Control Points Problem in State Feedback Systems

Corollary

There exists p̄qr > 0 and when pqr > p̄qr, the optimal set of

control points Ii∗ which minimize J∗(I) is given by Ii∗ = I∗.

Optimal Observation Points Problem in State Estimation

Corollary

There exists p̄w1w2
> 0 and when pw1w2

> p̄w1w2
, the optimal

set of observation points J o∗ which minimize J∗
e (J ) is given

by J o∗ = J ∗.
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Numerical Simulation

N = 30, ν = 3, qo = 1, r = 100, w1 = 1, w2 = 100

Mi = 1, Mo = 1
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pqr

pw1w2

10 102 103 104

CR 89% 96% 98% 100%

MER 1.83*10−3 5.51*10−4 7.99 *10−5 0
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A = Ars: row stochastic matrix
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A = Ads: doubly stochastic matrix
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Recap

• large-scaled multi-agent system

• optimal control/observation points problem

• left or right zero eigenvector of A

• drastically smaller computation number
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